Clemson University

TigerPrints
All Dissertations

Dissertations

5-2013

ELECTROMAGNETIC SCATTERING OF
THREE-DIMENSIONAL (3D) OBJECTS
EMBEDDED IN A HALF SPACE WITH
RANDOM ROUGH SURFACE
Wei Liu
Clemson University, liu6@clemson.edu

Follow this and additional works at: https://tigerprints.clemson.edu/all_dissertations
Part of the Electrical and Computer Engineering Commons
Recommended Citation
Liu, Wei, "ELECTROMAGNETIC SCATTERING OF THREE-DIMENSIONAL (3D) OBJECTS EMBEDDED IN A HALF
SPACE WITH RANDOM ROUGH SURFACE" (2013). All Dissertations. 1106.
https://tigerprints.clemson.edu/all_dissertations/1106

This Dissertation is brought to you for free and open access by the Dissertations at TigerPrints. It has been accepted for inclusion in All Dissertations by
an authorized administrator of TigerPrints. For more information, please contact kokeefe@clemson.edu.

ELECTROMAGNETIC SCATTERING OF THREE-DIMENSIONAL
(3D) OBJECTS EMBEDDED IN A HALF SPACE
WITH RANDOM ROUGH SURFACE

A Dissertation
Presented to
the Graduate School of
Clemson University

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy
Electrical Engineering

by
Wei Liu
May 2013

Accepted by:
Dr. Xiao-Bang Xu, Committee Chair
Dr. Elena S. Dimitrova
Dr. Anthony Q. Martin
Dr. L. Wilson Pearson

ABSTRACT

This dissertation presents a Monte-Carlo multidomain pseudospectral time-domain
(MPSTD) algorithm developed for the analysis of scattering from a two dimensional (2D)
and three dimensional (3D) object buried below a random rough surface separating two
half spaces. In the development, special attention is paid to the 3D computation domain
decomposition, PML derivations, filtering technique and subdomain mapping involving
the random rough surface as well as the subdomain patching along the rough surface. The
Mote-Carlo MPSTD algorithm is then employed to determine the scattering of objects of
various shapes and electromagnetic properties; embedded in the lower half space with
different permittivity and the roughness of the random rough surface may vary. Sample
numerical results are presented, validated, and analyzed. Then, scattering of objects buried
in layered structure with random rough surface is studied using MPSTD algorithm.
Through the analysis, it is observed that the roughness of the random rough surface and
the electromagnetic properties of the lower half space can significantly affect the
scattered signature of the buried object.
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CHAPTER ONE
INTRODUCTION

In this Ph.D. dissertation, research is carried on to study the electromagnetic
scattering by a three-dimensional (3D) object buried in a layered structure with a random
rough surface.
Analysis of electromagnetic scattering of buried objects is a subject of practical
interest due to its wide applications in subsurface investigations. To make the structure of
the problem closer to reality, we need to consider the roughness of the earth surface as well
as the layered structure, because they both contribute to the scattering signature and hence
affect the detection of buried objects. For the analysis of the scattered signature of objects
near a random rough surface, surface integral equations have been formulated in
frequency domain and solved by the method of moments (MoM) [1] – [4]. The integral
equation formulation has also been employed together with a steepest descent fast
multipole method (SDFMM) for the analysis [5] – [8].
The Monte-Carlo finite difference time domain (FDTD) technique is an effective
numerical technique for determining the scattering of an object near a random rough
surface in time domain. This technique has been used to study the scattering by a random
rough surface (without buried objects) [9] and that from an object above a random rough
surface [10]. As pointed out in [9], in contrast to the surface integral equation formulation,
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the FDTD approach is more effective for modeling inhomogeneous objects and complex
geometries. In addition, either pulsed or continuous wave (CW) illumination can be used
in the FDTD approach, propagation of both the total and scattered fields can be observed
in the time domain. However, the FDTD method has its drawbacks as indicated in [11]
and [12]; it requires a sampling density of 10 – 20 cells per minimum wavelength to
ensure that it produces acceptable results.
In recent years, the pseudospectral time domain (PSTD) method [13] has been
developed and applied to solve various problems, including the electromagnetic
scattering by objects placed in an open space [14] – [22]. The PSTD method uses
polynomials to express the unknown electromagnetic field and its derivatives to achieve
more accurate representation of the solution, in comparison with the classical FDTD
approach. As illustrated by a number of numerical experiment results reported in [14],
[16], and [23], the PSTD method can achieve higher efficiency and accuracy. It is
indicated in [12] that the Fourier PSTD method is simple to implement and it needs only
two cells per minimum wavelength, but it is not suitable for solving more complex
problems involving curved boundaries. The multidomain Chebyshev PSTD method can
treat complex geometry and it requires only π cells per minimum wavelength. The
Fourier PSTD method has been employed for determining the scattering of objects buried
in a conducting half-space with a planar surface [23]. And a multidomain PSTD
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algorithm has been developed to investigate the scattering of 2D cylinders buried in a half
space with a planar or an undulating surface [12] and the scattering by a 3D object placed
in an open space [22]. But to the best knowledge of the author, the PSTD method, which
has been shown to be more effective than the classic FDTD approach, has not been
extended in combination with the Monte-Carlo simulation for determining the scattering
of 3D objects buried in a layered structure with a random rough surface.
In this dissertation research, a Monte–Carlo multidomain PSTD method is
developed for determining the scattering of a 3D object buried in a layered structure
below a randomly rough surface. The remaining parts of this dissertation are organized as
the follows. As a prelude, Chapter 2 presents the formulation of a multidomain PSTD
algorithm for investigating the scattering of a 2D cylinder placed in free space. The
formulation is validated by comparing its numerical data with the analytical results. Then,
in Chapter 3, this formulation is extended for the analysis of scattering of a 3D object that
is still located in an open space. In Chapter 4, the scattering of a 2D cylinder buried in
earth with flat and then with a randomly rough surface of finite length is analyzed. The
analysis is then extended in Chapter 5 for the scattering of a 3D object buried below a
random rough surface. Finally, in Chapter 6, in order to better simulate the real situation,
the scattering of a 3D object embedded in a multilayered earth with a random rough
surface is studied.
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CHAPTER TWO
MULTIDOMAIN PSTD METHOD SOLUTION OF SCATTERING
OF A 2D CYLINDER IN FREE SPACE

2.1

Introduction to Multidomain PSTD Method

The basic idea of pseudospectral time domain (PSTD) method is to express an
unknown function by a series of interpolation polynomials given at a set of fixed grid
points (x0, x1,… xN) as
N

f ( x) ≈ ∑ f m g m ( x)

(2.1)

m =0

where gm(x) is the Lagrange interpolation polynomial at xm and
gm ( x ) =

( x − xi )
.
i =0,i ≠ m xm − xi
N

∏

(2.2)

Subsequently, the spatial derivatives are evaluated by

∂f ( x ) N ˆ ∂gm ( x)
≈ ∑ fm
.
∂x
∂x
m =0

(2.3)

Two types of commonly used PSTD methods are the Fourier and Chebyshev
PSTD methods. Fourier PSTD method originated from forward and inverse Fourier
transforms. Although the Fourier PSTD has high efficiency, it has disadvantages in
geometric modeling of curved objects. Chebyshev PSTD method employs the nodal
approximation of unknown functions using Chebyshev polynomials at a set of
Gauss-Chebyshev-Lobatto points. Then, a centro-antisymmetric matrix for Chebyshev
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PSTD method can be obtained to evaluate the spatial derivatives at the grid points [22].
Both Fourier and Chebyshev PSTD method can be implemented in a single computation
domain. However, this will introduce high computational cost since the evaluation of
spatial derivatives is global and a very large number of sampling grids would be required.
Moreover, when a single-domain PSTD method is employed to treat objects with curved
surface or complex geometries, the staircase error may occur. These difficulties can be
overcome by the multidomain PSTD scheme, in which the total computational domain is
divided into several sub-domains conformal to the problem geometry. The
electromagnetic field components are evaluated locally within each subdomain and
patched along the adjacent subdomains.
In this dissertation research, the multidomain Chebyshev PSTD method is
employed. Its formulation for the analysis of the scattering of a 2D cylinder located in
free space is presented and then validated in this chapter.
2.2

Division of the Computation Domain, Implementation of PML Boundary
Condition, and Coordinate Mapping
To make it general, we illustrate the division of the computation domain of

scattering of an object of curved surface buried below a random rough surface
illuminated by a plane wave incidence, shown in Fig. 2.1(a). For the scattering in an open
space studied in this chapter, the structure is simplified by removing the interface. As the
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first step of the formulation of the multidomain PSTD method, the whole computational
domain is divided into several non-overlapping subdomains conforming to the geometry
of the problem, as shown in Fig. 2.1(b).

(a)

(b)

Fig. 2.1 Divion of the computation domain into nonoverlapping subdomians.(a)
Geometry of the problem; (b) Subdomain devision and PML placement.
In order to truncate the unbounded medium and confine the solution in a finite
computational domain, an absorbing boundary condition (ABC) needs to be introduced.
Perfectly matched layer (PML) has been verified to be the most popular and effective
absorbing boundary condition (ABC) [23]–[28]. Early PML formulation was based on
split-field idea, and has been reported to be weakly well-imposed, thus had undesirable
instability problem under some small perturbation. The PML formulation in this
dissertation is based on complex coordinate-stretching method and is well imposed. The
placement of PML around the computational domain is illustrated in Fig. 2.1(b). And the
2D PML equations can be found in [12].
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Then, as shown in Fig. 2.2, each subdomain in (x, y) coordinates is mapped into a
unit square ([-1, 1] × [-1, 1]) in (ξ, η) coordinates by means of the coordinate
transformation.

Fig. 2.2 Subdomain mapping from a curved quadrilateral to a unit square.
For a subdomain of rectangular shape, we employ linear coordinate
transformation in terms of the maxima of x and y as
xi = 0.5( xmax − xmin )ξ i + 0.5 ( xmin + xmax )

y j = 0.5( y max − ymin )η j + 0.5 ( y min + ymax )

(2.4)

And for a general curved quadrilateral, a curvilinear transformation is used, in terms of
Lagrange polynomials based on knowledge of the anchor points

( x pq , y pq ) for

(0 ≤ p ≤ P , 0 ≤ q ≤ Q ) ,

x =

P

Q

∑∑

p=0 q=0

y =

P

Q

∑∑

p=0 q=0

x p q φ pP ( ξ ) φ qQ (η )
(2.5)
y p q φ pP ( ξ ) φ qQ (η )

Then, making use of the coordinate transformation ξ = ξ ( x, y ), η = η ( x, y ), the
2-D Maxwell’s equations for TMz polarization in the (x, y) coordinates,
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∂H x
1 ∂Ez
=−
,
∂t
µ ∂y
∂H y 1 ∂Ez
=
,
µ ∂x
∂t
∂Ez 1 ∂Ez ∂H y ∂H x σ
=
−
(
) − Ez ,
∂t
∂y
ε ∂y ∂x
ε

(2.6)

can be rewritten in the (ξ, η) coordinate system in matrix form as

∂q
∂q
∂q
+A
+B
+ Cq = 0
∂t
∂ξ
∂η

(2.7)

where q = ( H x , H y , Ez )T , A, B, and C are the coefficient matrix given in [12], [13].
2.3

Chebyshev Spectral Collocation Procedure

After the coordinate mapping, the Chebyshev spectral collocation procedure is
performed for treating the electromagnetic field quantities and their spatial derivatives in
the transformed (ξ, η) coordinate. First, the grid points in the transformed coordinates are
chosen as the Chebyshev-Gauss-Lobatto (CGL) points,
iπ
), i = 0,1,...N
N
jπ
η j = − cos( ), j = 0,1,...M .
M

ξi = − cos(

(2.8)

Then, the electromagnetic field quantities are represented by a tensor-product
Chebyshev-Lagarange polynomial

q (ξ ,η ) = ∑∑ q (ξi ,η j ) gi (ξ )g j (η )
N

M

i =0 j =0

where the Lagrange interpolation polynomials are defined by
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(2.9)

g i (α )

(1 − α ) T (α ) (−1)
=
2

'

i + N +1

N

(2.10)

ci N 2 (α − α i )

in which α = (ξ ,η ) , ci = 1 + δ i 0 + δ iN , and TN ( x )

th

is the N -order Chebyshev

−1
polynomial TN ( x ) = cos( N cos x) . Finally, the spatial derivatives of the field quantities

at the grid points are obtained in terms of the derivatives of the Lagrange polynomials as
∂q (ξi ,η j )
∂ξ
∂q (ξi ,η j )
∂η

= ∑ Dikξ q (ξ k ,η j )
N

k =0
M

(2.11)

= ∑ D q (ξ i ,η k )
k =0

η
jk

where Dikα is the differentiation matrix defined in [13].
2.4

Time Integration

The 2-D Maxwell’s equation (2.7), formulated in the (ξ, η) coordinates contains
both spatial derivatives and time derivatives. The spatial derivatives of the field quantities
at the grid points are obtained in the Chebyshev spectral collocation procedure presented
above. To take care of the time derivatives, we use a fourth order, five-stage Runge-Kutta
method for the time integration to advance the solution to the next time step [29] - [31].
2.5

Plane Wave Excitation and TF/SF Formulation

The excitation of the object studied in the research is a plane wave incidence.
Various kinds of source functions, such as Gauss pulse and Blackman-Harris window
function, can be used as the driving time function. In this research, the driving time
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function for the incident plane wave is taken to be the first derivative of Blackman-Harris
window function [25], [32] defined by
2nπ t
 3 nπ
−∑ T an sin( T ),
Ez (t ) =  n =1
0, else,


0 < t < T,

where a1 = -0.488, a2 = 0.145, a3 = -0.01022222, and

(2.12)

1
f
= c , in which fc is the central
T 1.55

frequency.
To implement the plane wave incidence in PSTD algorithm for the solution of
scattering problems, the total-field/scattered-field (TF/SF) formulation [12], [33] and
pure scattered field method [34], [35] have been employed in the past. As pointed out in
[13], the pure scattered field method is potentially complicated if a complex surface
shape is involved. Therefore, in this research, the TF/SF formulation is employed. The
total field is calculated in the interior region and the scattered field is computed in the
exterior region. Then, the boundary condition requirements of continuity of the tangential
components of the fields are enforced at the interface between these two regions.
2.6

Validation of the Multidomain PSTD Formulation
for 2D Scattering in Free Space

To validate the multidomain PSTD algorithm formulated above for the analysis of
scattering of a 2D cylinder located in free space, numerical examples are presented and
analyzed in this section. The incident TMz plane wave of first derivative of
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Blackman-Harris window function is taken to be of 100MHz center frequency
propagating in –y direction. The first example is for the plane wave propagating in free
space in absence of the scatterer. The total field computed by the PSTD algorithm and the
incident field observed at (0, 2) are compared in Fig. 2.3. The comparison illustrates that
the computed total field is exactly the same as the incident field, as it is supposed to be.
8
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Fig. 2.3 Comparison of the total field with the incident field at (0m, 2m).
The second example is for the scattering of a circular perfectly electric conductor
(PEC) cylinder of radius r = 1.414m located in free space. The geometry and the grids
in the computation domain are illustrated in Fig. 2.4 (a); the numerical results of the
electric field Ez are compared with the analytic results [36] at two different observation
points in Figs. 2.4(b) and 2.4(c). From the comparison, one observes that the two sets of
data fall on top of each other, which validates the numerical results.
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(c)
Fig. 2.4 Scattering of a circular PEC cylinder in free space. (a) Geometry and the
computation domain; (b) Comparison of the PSTD results with the analytic results at
(-1.4m, -1.6m); (c) Comparisson of the PSTD results with the analytic results at (0m, 2m).
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2.7

Conclusions

In this chapter, the general formulation of two-dimensional PSTD method is
presented, and then validated when it is employed for the analysis of scattering of a 2D
cylinder located in free space. This formulation provides the basis for studying the
scattering of a 3D object in free space, 2D and 3D object buried below a random rough
surface in the chapters following this one.
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CHAPTER THREE
PSTD ANALYSIS OF SCATTERING BY 3D OBJECTS IN OPEN SPACE

In this chapter, the multidomain PSTD algorithm formulated in the previous
chapter is extended for the analysis of scattering of 3D objects located in an open space.
Sample numerical results are presented and validated.
3.1

3D Computation Domain Decomposition, Coordinate Mapping
and Chebyshev Collocation Procedure

As the first step of the formulation of 3D multidomain PSTD algorithm, the whole
computational domain is decomposed into non-overlapping hexahedral subdomains.
Then, similar to the strategy used in chapter 2, each subdomain in the (x, y, z) coordinate
system is mapped into a unit cube in the (ξ, η, ζ) coordinate system as shown in Fig. 3.1,
by means of coordinate transformation.

Fig. 3.1 Mapping from a hexahedral subdomain to a unit cube.
For a subdomain of cubic shape, we employ linear coordinate transformation in
terms of the maxima of x, y, and z as
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x = 0 .5( x m a x − x m in ) ξ + 0 .5( x m a x + x m in ),
y = 0 .5( y m ax − y m in )η + 0 .5( y m a x + y m in ),
z = 0 .5( z m a x − z m in ) ζ + 0 .5( z m a x + z m in ),

(3.1)
(3.2)
(3.3)

where (ξ, η, ζ) ∈ [-1, 1]. For a general curved hexahedral subdomain, a curvilinear
transformation [13], [22] is implemented in terms of Lagrange polynomials based on
knowledge of the anchor points (xpqr, ypqr, zpqr),
P

Q

R

x = ∑∑∑ x pqrφ p( P ) (ξ )φq( Q ) (η )φr( R ) (ζ ),
p = 0 q =0 r = 0
P

Q

(3.4)

R

y = ∑∑∑ y pqrφ p( P ) (ξ )φq(Q ) (η )φr( R ) (ζ ),
p = 0 q = 0 r =0
P

Q

(3.5)

R

z = ∑∑∑ z pqrφ p( P ) (ξ )φq( Q ) (η )φr( R ) (ζ ).
p =0 q =0 r =0

(3.6)

As an example of the coordinate mapping of curved subdomains, we consider a
dielectric sphere, the geometry and the computation domain of which are shown in Fig.
3.2. The computational domain is divided into 131 nonoverlapping hexahedral
subdomains according to the geometry. The dielectric sphere is decomposed into seven
subdomains, as illustrated in Fig. 3.3 where the front subdomain is removed to depict the
grid points inside the sphere. In each subdomain, 18 anchor points are identified for the
coordinate mapping. The location of the anchor points of a hexahedral subdomain
adjacent to the dielectric sphere is depicted in Fig. 3.4. Also show in Fig. 3.4 is the
mapping of the subdomain to a unit cube making use of Equations (3.4) – (3.6).
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Fig. 3.2 Geometry and computation domain of a spherical problem.

Fig. 3.3 Subdomain division and CGL grids inside a dielectric sphere.

Fig. 3.4 Coordinate mapping of hexahedral subdomain adjacent to a dielectric sphere.
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Then, making use of the coordinate transformation, the 3D Maxwell’s equations
in the (x, y, z) coordinates can be rewritten in the (ξ, η, ζ) coordinate system in matrix
form in a similar manner as that presented in Chapter 2.
After the coordinate mapping, the Chebyshev spectral collocation procedure is
performed for treating the electromagnetic field quantities and their spatial derivative in
the transformed ( ξ, η, ζ ) coordinates. First, the grid points in the transformed coordinates
are chosen as the Chebyshev-Gauss-Lobatto (CGL) points,

ξi = − cos(

iπ
)
Nξ

i = 0, 1, …, N ξ,

(3.7)

η j = − cos(

jπ
)
Nη

j = 0, 1, …, N η,

(3.8)

ζ k = − cos(

kπ
)
Nζ

k = 0, 1, …, N ζ.

(3.9)

Then, the electric and magnetic field components q(ξ, η, ζ) are interpolated and
represented by a tensor-product Chebyshev-Lagrange polynomial [13], [16], [22], [37],
[38],
Nξ Nη Nζ

q(ξ ,η , ζ ) = ∑∑∑ q(ξi ,η j , ζ k )gi (ξ ) g j (η ) g k (ζ ),

(3.10)

i = 0 j =0 k =0

where the Lagrange interpolation polynomials are defined by

gi (α ) =

(1 − α 2 )TN' α (α )( −1)i + N +1
ci Nα2 (α − αi )

,

(3.11)

in which α = (ξ, η, ζ), c0 = cN = 2, ci = 1 otherwise, and TN ( x ) is the N -order
th
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−1
Chebyshev polynomial TN ( x ) = cos( N cos x) . Finally, the spatial derivatives of the

field components q(ξ, η, ζ) at the grid points are obtained in terms of the derivatives of
the Lagrange polynomials as

∂q(ξi ,η j , ζ k )
∂ξ
∂q(ξi ,η j , ζ k )
∂ξ

∂q(ξi ,η j , ζ k )
∂ξ

Nξ

= ∑ Dil(ξ ) q(ξl ,η j , ζ k )

(3.12)

l =0
Nη

= ∑ D(jlη ) q(ξi ,ηl , ζ k )
l =0

(3.13)

Nζ

= ∑ D(jlζ ) q(ξi ,η j , ζ l )
l =0

(3.14)

in which the differentiation matrix Dil is expressed in closed form as
 ci ( −1)i +l
− c α − α , i ≠ l
i
 l l

αl
 − 2(1 − α 2 ) ,1 ≤ i = l ≤ N α
l
.
Dilα = 
2
 2N + 1
− 6 , i = l = 0
 2
 2N + 1 ,i = l = N
α
 6

(3.15)

Using the procedure above, the spatial derivatives in the time-domain Maxwell’s
equations are obtained in the (ξ, η, ζ) coordinate system. To take care of the time
derivatives, we use a fourth order, five-stage Runge-Kutta method for the time integration
to advance the solution to the next time step [29] - [31].
3.2

Well-Posed PML Absorbing Boundary Condition

In order to truncate the unbounded medium and confine the solution in a finite
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computational domain, an absorbing boundary condition (ABC) needs to be implemented.
Perfectly matched layer (PML) has been verified to be the most popular and effective
absorbing boundary condition. Early PML formulation was based on split-field idea, and
has been reported to be weakly well-imposed, thus had undesirable instability problem
under some small perturbation [39], [40]. To circumvent the instability, well-posed
unsplit-field PML for both lossless media [41] - [48] and lossy media [49] - [54] have
been applied. In this section, we derive a strongly well-posed PML for the 3D problems
based on the complex coordinate stretching method [26], [27]. Let us start from the 3D
Maxwell’s equations in Cartesian coordinate system

∂H x
1 ∂E ∂E
= − ( z − y ),
∂t
µ ∂y
∂z
∂H y
∂t

=

1 ∂Ez ∂Ex
(
−
),
µ ∂x ∂z

(3.16)

(3.17)

∂H z
1 ∂E
∂E
= − ( y − x ),
∂t
µ ∂x
∂y

(3.18)

∂E x 1 ∂H z ∂H y σ
= (
−
) − Ex ,
ε ∂y
ε
∂t
∂z

(3.19)

∂Ey

1 ∂H ∂H
σ
= − ( z − x ) − Ey ,
ε ∂x
ε
∂t
∂z

∂Ez 1 ∂H y ∂H x σ
= (
−
) − Ez .
ε
∂t ε ∂x
∂y
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(3.20)

(3.21)

Taking the coordinate stretching approach, the complex coordinate-stretching
variables are introduced as

∂x ⇒ [ax +

iωx ( x)

ω

]∂x, ∂y ⇒ [ay +

iω y ( y)

ω

]∂y, ∂z ⇒ [az +

iωz ( z)

ω

]∂z

(3.22)

where the frequency component e − iω t is implied. In (3.22), ax, ay, and az are the scaling
coefficients; ω x ,

ω y , ω z are

the attenuation coefficients; they can be adjusted to change

the attenuation in the PML region. Then, ∂x, ∂y, ∂z in (3.16) - (3.21) are replaced by

[ax +

iωx ( x)

ω

]∂x, [a y +

iω y ( y )

ω

]∂y, and [az +

iωz ( z)

ω

]∂z, respectively. For simplicity, we

select ax = 1, ay = 1, az = 1, and for convenience, we introduce the new variables

∂Py
∂K y
∂Px
∂Pz
∂Kx
∂Kz
= Ex ,
= Ey ,
= Ez ,
= Px ,
= Py ,
= Pz ,
∂t
∂t
∂t
∂t
∂t
∂t

(3.23)

∂Qy
∂Qx
∂Qz
= Hx ,
= Hy,
= Hz ,
∂t
∂t
∂t

(3.24)

 x = H +ω Q , H
 y = H +ω Q , H
 z = H +ω Q ,
H
x
x x
y
y y
z
z z

(3.25)

 x = E +ω P , E
 y = E +ω P , E
 z = E +ω P .
E
x
x x
y
y y
z
z z

(3.26)

After substituting these new variables into equations (3.16) - (3.21), the 3D PML
equations are obtained as

x
 z ∂E
y
∂H
1 ∂E
 x − (ω − ω )(ω − ω )Q ,
=− (
−
) − (ωy + ωz − ωx )H
x
y
x
z
x
µ ∂y
∂t
∂z

(3.27)

y
 x ∂E
z
∂H
1 ∂E
 y − (ω − ω )(ω − ω )Q ,
=− (
−
) − (ωx + ωz − ωy ) H
y
x
y
z
y
µ ∂z
∂t
∂x

(3.28)
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z
 y ∂E
x
∂H
1 ∂E
 z − (ω − ω )(ω − ω )Q ,
=− (
−
) − (ωx + ωy − ωz ) H
z
x
z
y
z
µ ∂x
∂t
∂y
 x 1 ∂H
 z ∂H
y
∂E
σ
x − σ ω ω K
= (
−
) − [ + ω y + ω z − ω x ]E
y z x
∂t
∂z
ε ∂y
ε
ε

σ
−[ (ω y + ω z − ω x ) + (ω x − ω y )(ω x − ω z )]Px ,
ε

(3.29)

(3.30)

 y 1 ∂H
 x ∂H
z
∂E
σ
y −σ ω ω K
= (
−
) − [ + ω x + ω z − ω y ]E
∂t
∂x
ε ∂z
ε
ε x z y

(3.31)

 z 1 ∂H
 y ∂H
x
∂E
σ
z − σ ω ω K
= (
−
) − [ + ω x + ω y − ω z ]E
∂t
∂y
ε ∂x
ε
ε x y z

(3.32)

σ
−[ (ω x + ω z − ω y ) + (ω y − ω x )(ω y − ω z )]Py ,
ε

σ
−[ (ω x + ω y − ω z ) + (ω z − ω x )(ω z − ω y )]Pz ,
ε

which are consistent with those presented in [26], [27], and [38]. Through numerical tests,
it has been verified that the well-posed PML has high absorption property of outgoing
waves.
3.3

Subdomain Patching

In the multidomain PSTD algorithm, after the solution in each individual
subdomain, the fields at the interfaces between adjacent subdomains do not naturally
satisfy the boundary conditions. And we need to pass information between the
subdomains to recover the global solutions. This is done by means of the subdomain
patching, which can be realized by characteristic variable method or physical patching
method [13], [26], [38]. In this dissertation research, the physical boundary condition is
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employed since it is straightforward and more suitable for 3D problems. At an interface
separating two subdomains, we enforce the tangential components of the electric and
magnetic to be continuous and normal components to be unchanged at a dielectric
interface; and zero tangential electric field component and normal magnetic field
component on a perfect electric conductor (PEC) surface.
3.4

Filtering Technique

As pointed out in [55], numerical oscillations may appear when pseudospectral
methods are employed. These oscillations are directly caused by the solution
discontinuities, and have a high-frequency character. For the multidomain PSTD scheme,
after each time step, small oscillation may arise from edges and corners at each
subdomain, and these oscillations can be accumulated with time marching and cause
instability. To improve the stability of the PSTD solutions, methods including
discontinuous Galerkin and filtering method [13] have been developed in the past. In this
research, the filtering technique [55] - [57] is employed and the filtering procedure is
described below.
In a 3D problem, the field component q(ξi, ηj, ζk) at CGL points should be filtered
in the ξ, η and ζ directions. In the ξ direction, as an example, the field component can be
expressed in terms of Chebyshev polynomials as
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Nξ

qijk = q(ξi ,η j , ζ k ) = ∑ p mTm (ξi ),

(3.33)

m=0

where Tm(ξ) is the mth order Chebyshev polynomial Tm (ξi ) = cos(
Nξ

p =
∑
m
i =0

miπ
) , and
N

2
qijkTm (ξi ).
Nξ cm ci

(3.34)

Then, substituting (3.34) into (3.33) and multiplying the result with the filtering function,
the filtered field component is obtained as
Nx

Qijk = ∑σ m pmTm (ξi ) =
m =0

2 Nx qnjk
∑
N x n=0 cn

Nx

σm

∑c

m =0

m

Tm (ξi )Tm (ξn ).
(3.35)

The filtering function σm should have the characteristic of being unity near the
origin and gradually decreasing to zero at higher frequencies in order to filter out the high
frequency components. Two commonly used filtering functions are the raised cosine
function and the exponential cutoff function [13], [22]. In this dissertation research, we
employ the exponential cutoff function

1, 0 ≤ n ≤ nc ,
σn = 
n − nc β
 e −α ( N −nc ) , n ≤ n ≤ N .
c


(3.36)

where nc is the cutoff number, β is the order of the filter, α=-ln(εM) is a constant
coefficient in which εM is the machine precision. In a similar way, the filtering in η and ζ
directions can be implemented.
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It has been demonstrated that with appropriate parameters of nc and β selected for
the filtering procedure, the undesired oscillation can be effectively eliminated. And using
the filtering procedure, a larger time step can be used in the PSTD algorithm to reduce the
computational time while the accuracy is maintained.
3.5

Validation of the 3D Multidomain PSTD Algorithm in Open Space

To validate the 3D multidomain PSTD (MPSTD) algorithm formulated above,
sample numerical results are presented and analyzed in this section. The time function of
the excitation used for all the examples is taken to be the first derivative of the
Blackman-Harris (BH) window function with various central frequencies. The first
example presents the propagation of a transverse-magnetic (TMz) plane wave with
100MHz central frequency. The subdomains (excluding the PML region) are shown in
Fig. 3.5(a). The computed total electric field Ez using the MPSTD algorithm is compared
with the incident field at an observation point (-3, 0, 0) in Fig. 3.5(b). The comparison
shows that the two curves of data fall on top of each other, as they are supposed to be.

(a)
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(b)
Figure 3.5 Plane wave propagation in free space. (a) The computation domain; (b)
Comparison of the computed total field with the incident field.
To further validate the 3D MPSTD algorithm, in the second example, we consider
the scattering by a dielectric cube illuminated by a normal-incident plane wave. The
computational domain is decomposed into 125 subdomains, enclosed by PML regions.
The incident plane wave is a TMz wave traveling in the +x direction, the central frequency
is 200MHz. The dielectric cube is of relative permittivity εr = 4, centered at the origin and
of side length 0.6m, as shown in Fig. 3.6(a). The scattering of the dielectric cube
computed using the MPSTD algorithm is compared with published FDTD result [22] at
an observation point (-0.6, 0, 0). As illustrated in Fig. 3.6(b), the two sets of data agree
with each other very well.
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(b)
Fig. 3.6 Plane wave scattering of a dielectric cube. (a) Geometry; (b) Comparison of our
MPSTD result with published data.
data
In the third example, we analyze the field due to an electric dipole


J =ɵ
zδ ( x)δ ( y)δ (z) , with a central frequency of 200MHz,
200
, located at the center of the
same dielectric cube considered in the previous example. The MPSTD computation result
of Ez is compared with the FDTD result published in [22] and [38] at an observation point
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(-0.6, 0, -0.6). The comparison is illustrated in Fig. 3.7, where an excellent agreement
between these two sets of data is observed.
1
MPSTD result
Published FDTD result
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Fig. 3.7 MPSTD result of the field due to an electric dipole located at the center of a
dielectric cube, compared with published data.
Next, we validate the computation result of scattering of a PEC cube, in which the
subdomain patching along PEC surface is involved. The PEC cube located at (0, 0, -2)


zδ (z − 2)δ (x)δ ( y), of 60MHz
and of 2m side length is excited by an electric dipole J = ɵ
central frequency. The MPSTD computation result of the scattering of the PEC cube is
compared with the published FDTD result [13], [22] at an observation point (2, 0, 2).
From the comparison illustrated in Fig. 3.8, one observes an excellent agreement.
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Fig. 3.8 MPSTD computation result of the scattering of a PEC cube excited by an electric
dipole, compared with published data.
After validation of the MPSTD results of scattering of dielectric and PEC cubes,
next, we consider the scattering of dielectric spheres, the geometry of which is illustrated
in Fig. 3.2. The first example is the scattering of a dielectric sphere under a TMz plane
wave incidence propagating along -y direction, with 50MHz central frequency. The
dielectric sphere centered at the origin has a radius of 2m, relative permittivity 4 and
conductivity 0.002S/m. The MPSTD computation result of the total field Ez observed at (0,
0, 2.5) is compared with the published FDTD result [22] in Fig. 3.9, where an excellent
agreement between these two sets of data is observed.
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Fig. 3.9 MPSTD result of scattering of a dielectric sphere under plane wave incidence
with 50MHz central frequency, compared with published data at (0, 0, 2.5).
For the same dielectric sphere, the MPSTD result is compared with the published
FDTD data [22] in Fig. 3.10, when the central frequency of the incident wave is changed
to 30MHz and the observation point is moved to (0, 2.5, 0). Again, one observes that the
two sets of data agree with each other very well.
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Fig. 3.10 MPSTD result of scattering of a dielectric sphere under plane wave incidence
with 30MHz central frequency, compared with published data at (0, 2.5, 0).
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In the next example, we present the MPSTD result of the field due to a z-directed
electric dipole located at the center of a dielectric sphere with radius r = 0.3 m, relative
permittivity εr = 2 and relative permeability µr = 1. The time function of the source has a
central frequency of 600MHz. Since the excitation is not a plane wave incidence, the
TF/SF approach should not be used. Instead, the dipole source is included directly in the
Maxwell’s equations as a soft source. Note that the radius of the dielectric sphere is
reduced from 2m used in the previous examples to 0.3m, so that the whole computational
domain including the PML region is reduced from 10m to 1.5m in each direction.
Although the computational domain is resized, the position of the collocation points can
be chosen proportional to those used in the examples above. And the partial derivatives of
(ξ, η, ζ) with respect to (x, y, z) can be obtained accordingly. The MPSTD result of the
field Ez observed at (0, 0.35, 0) is compared with the analytic result [58] in Fig. 3.11,
where an excellent agreement is shown.
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Fig. 3.11 MPSTD result of the field due to an electric dipole located at the center of a
dielectric sphere, compared with published data.
The last numerical example is for the scattering of a dielectric circular cylinder with
radius of 2m and height of 2m placed in free space, as shown in Fig. 3.12(a), illuminated
by a TMx plane wave incidence propagating along -z direction, with 50MHz central
frequency. The dielectric cylinder has a relative permittivity 2.26, relative permeability 1,
and conductivity 0.002S/m. The total computational domain including the PML region is
divided into 145 subdomains. The MPSTD computation result of the total Ex field is
compared with the FDTD result published in [22] at an observation point (1, -1, -2) in Fig.
3.12(b), in which an excellent agreement is exhibited.
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(b) Comparison at observation point
Fig. 3.12 Plane wave scattering of a dielectric cylinder. (a) Geometry; (b) Comparison of
our MPSTD result with published data.
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CHAPTER FOUR
SCATTERING OF 2D OBJECTS BURIED BELOW A
RANDOMLY ROUGH SURFACE

In this chapter, a Monte-Carlo multidomain PSTD (MPSTD) numerical technique
is developed for analyzing the scattering of 2D objects buried below a random rough
surface of finite length. In the development, special attention is paid to the treatment of
the random rough surface. In particular, we present the generation and mapping of a
random rough surface, physical patching between subdomains separated by a random
rough surface, a three-wave approach for determining the driving composite field to an
object near a random rough surface. Sample numerical results are presented and analyzed.
After validation of the Monte-Carlo MPSTD numerical technique, it will be extended for
studying scattering of 3D objects buried below a random rough surface in the next
chapter.
4.1

Generation of Random Rough Surface Profile and
Matching with the CGL Point Profile

The computational domain for studying the scattering from a 2D cylinder buried
below a random rough surface is illustrated in Fig. 4.1.
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Fig. 4.1 Computational domain for studying the scattering from a 2D cylinder buried
below a random rough surface.
As the first step of generation of a random rough surface profile of length L, a set
of uniformly distributed sampling points is selected by xm = mL/N, (m = 1, 2, ……, N)
and the height of the rough surface is obtained using the inverse Fourier transform
N

1 2
2π nm
y = f ( xm ) =
bn exp( j
),
∑
L n =− N +1
N

(4.1)

2

where the inverse Fourier transform coefficients are given by

 2π LW (0) rα
, n = 0;


πN
N
)rβ
,n = ;
 2π LW (
L
2

bn = 
1
N
(rσ + irζ )]
, n = − + 1,......, −2, −1;
 2π LW ( kn )[
2
2


1
N
( rσ + irζ )]}* , n = 1, 2,......, − 1;
{ 2π LW ( k− n )[
2
2
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(4.2)

in which rα, rβ, rσ, and rζ are random numbers and the Gaussian spectrum density is
W ( kn ) =

h 2l − ( πLn l )2
e
,
2 π

(4.3)

where h and l are the rms height and the correlation length of the random rough surface,
and k n =

2π n
is the sampled Fourier transform variable of the Gaussian spectrum [60].
L

Such generated a sample random rough surface profile is shown in Fig. 4.2 in blue color.
Note that the random rough surface profile y = f(xm) is generated as a function of
xm. But in a MPSTD subdomain, which is partially bounded by the rough surface, the
profile ymapped is a function of xmapped and both of them are related to the
Chebyshev-Gauss-Lobatto (CGL) points in the (ξ, η) coordinate. Since xm are uniformly
distributed but xmapped are not, they are normally different; hence the two profiles of y =
f(xm) and ymapped in general do not coincide. However, for each point of xmapped, we can
find the points xm adjacent to it, then employ an interpolation technique to match xm with
xmapped; and subsequently y = f(xm) with ymapped. After the matching making use of the
interpolation, a comparison of the random rough surface profile with Gaussian spectrum
and that obtained using the mapped CGL points is illustrated in Fig. 4.2, from which we
observe that these two profiles fall on top of each other. Then, using the values of y = f(xm)
(or equivalently ymapped) on the random rough surface profile, the other grid points within
a subdomain can be determined.
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Fig. 4.2 Comparison of the random rough surface profile with Gaussian spectrum and
that obtained using the mapped CGL points.
4.2

Subdomain Patching along Randomly Rough Surface

As illustrated in chapter 2, in the multidomain PSTD algorithm, after the solution
in each individual subdomain, it is necessary to execute the subdomain patching by
enforcing the physical boundary conditions on the subdomain interfaces. In particular, on
a random rough surface separating two dielectric subdomains of different electromagnetic
properties, we enforce the continuity of the tangential components of the fields, and the
details are presented below.
After the coordinate mapping procedure described in Chapter 2, a subdomain,
which is partially bounded by a random rough surface, in the (x, y) coordinates is mapped
to a unit square in the (ξ, η) coordinate as shown in Fig. 4.3.
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Fig. 4.3 Coordinate mapping of a subdomain partially bounded by a rough surface.
Under a TMz plane wave incidence, the field components are Ez, Hx, and Hy in the
(x, y) coordinates. Ez is always the tangential component along the subdomain interfaces,
which renders the physical boundary condition patching of Ez to be
(2)
 (1)
 (2) 1 (1)
E
z , E z = (Ez + Ez )
2

(4.4)

in which the tilted variables denote the updated value, and the superscript indicates the
subdomain number. The patching of Hx, Hy components is derived in the (ξ, η)
coordinates, which can be extended to a general patching technique in the 3D scattering
problems to be solved in the next chapter. For the patching of Hx and Hy components, the
magnetic field components tangential and normal to the interface need to be identified
first. Taking the interface normal to +η (the top surface of the subdomain in Fig. 4.3) as
an example, the unit vector normal to it in the (ξ, η) plane can be expressed by
nˆ = η x ,η y ⋅

1

η x2 + η y2

and the unit vector tangential to it is
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,

(4.5)

tˆ = η y , −η x ⋅

1

(4.6)

η + η y2
2
x

where ηx and ηy are the partial derivatives of η with respect to x and y. Then, taking the
dot product of n̂ and tˆ with the magnetic field, its normal and tangential components
in the subdomains above and below the rough surface can be obtained as
H n(1) = (η x H x(1) + η y H y(1) ) ⋅
H t(1) = (η y H x(1) − η x H y(1) ) ⋅

1

η x2 + η y2
1

η x2 + η y2

H n(2) = (η x H x( 2) + η y H y(2) ) ⋅

,

,

H t( 2) = (η y H x( 2) − η x H y(2) ) ⋅

1

η x2 + η y2
1

η x2 + η y2

,

(4.7)

.

(4.8)

By enforcing the continuity of the tangential component of the magnetic field and
leaving its normal component unchanged, we have
(1)
(1)
 (1)
H
n = ηx H x +η y H y ,

(2)
(2)
 (2)
H
n = ηx H x +η y H y

 t(1) = 0.5( H (1) + H (2) ),
H
t
t

 t(2) = 0.5( H (1) + H (2) )
H
t
t

(4.9)
(4.10)

After substituting equations (4.7) and (4.8) into (4.9) and (4.10), and solving the resulting
equations, we obtain the updated magnetic field components in subdomain 1 as,
  (1) 1
η x2 ( H x(1) − H x(2) ) + η xη y ( H y(1) − H y(2) )
(1)
(2)
H
=
(
H
+
H
)
+
,
x

x
x
2
2(η x2 + η y2 )


η xη y ( H x(1) − H x(2) ) + η x2 ( H y(1) − H y(2) )
  (1) 1
(1)
(2)
.
H y = 2 (H y + H y ) +
2(η x2 + η y2 )


(4.11)

The updated magnetic field components in subdomain 2 can be expressed by an equation
in the same form as equation (4.11) with the super scripts 1 and 2 exchanged.
For the patching along the interfaces normal to +ξ direction, after going through a
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similar procedure, the updating equations can be obtained by replacing η by ξ in equation
(4.11).
In order to check the correctness of the subdomain patching equations derived
above along a random rough surface, it is implemented in the MPSTD algorithm for the
analysis of a TMz plane wave propagating in free space, and a random rough surface is
intentionally placed in the computational domain as part of the subdomain interfaces, as
depicted in Fig. 4.4(a). The total Ez field computed is compared with the incident Ez in
Figs. 4.4(b) and (c) at two observation points. The comparisons show an excellent
agreement between the two sets of data, as one would expect.
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Fig. 4.4 TMz plane wave propagating in free space. (a) Computational domain containing
a randomly rough surface; (b) Comparison of total and incident Ez at (0, 2); (c)
Comparison of total and incident Ez at (0, -3).
4.3

Three Wave Approach for Determining the Composite Driving Fields

A buried cylinder shown in Fig. 4.1 is below a random rough surface separating
two semi-infinite homogeneous spaces. The incident wave driving the scattering of a
buried object is different from that of an object in open space. It should be determined by
a “three-wave approach” that was used in FDTD analysis for the scattering of an object
buried below a planar interface [61] – [63]. As out in [62], the driving incident wave is
the composite of the initial incident, reflected, and transmitted waves. In the upper half
space, the driving composite field is the sum of the initial incident field plus the reflected
field; and in the lower half space, the driving composite field (the driving incident field to
the buried cylinder) is the transmitted field. The initial incident field, the reflected and the
transmitted filed can be calculated analytically in absence of scatterer in time domain,
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taking into account the time delay for the fields to reach a point on the interface
separating the TF and SF regions. Such calculated driving composite field can be readily
enforced on the TF/SF interface in the multidomain PSTD algorithm.
The driving composite field determined from the “three-wave approach” for the
scattering of a cylinder buried below a planar interface is extended in the research for the
analysis of the scattering of a cylinder buried below a random rough surface. For the
calculation of the driving composite field, a virtual planar interface is placed at y = 0
along the rough surface as shown in Fig. 4.5. The random rough surface just causes
additional inhomogeneities above/below the virtual planar interface; and these
inhomogeneities can be treated as “additional scatterers” touching the virtual planar
surface, illuminated by the composite fields that can be determined by the three-wave
approach.

Fig. 4.5 A virtual planar interface for the calculation of composite driving fields.
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To verify the correctness of the three-wave approach, it is employed in the
MPSTD algorithm for the analysis of a TMz plane wave propagating in a two-half-space
region with a planer interface, in absence of scatterer. The total Ez field computed is
compared with the driving composite field in Figs. 4.6(a) and (b) at two observation
points in the upper and lower half space. The comparisons show an excellent agreement
between the two sets of data, as expected.
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Fig. 4.6 Comparison of calculated total field and the driving composite field. (a) at (0, 2);
(b) at (0, -1).
4.4

Monte-Carlo Statistic Average

Since a random rough surface is involved in the research, a statistic average of the
scattering of the buried cylinder needs to be determined. The Monte-Carlo method
(MCM), which is also known as the method of statistical trials [64], has been used in the
past together with an integral equation formulation in the frequency domain [6] and with
FDTD method in the time domain [9], [10] for the analysis of electromagnetic scattering
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problems involving a random rough surface. In the research, the Monte-Carlo analysis is
carried out by the following steps. First, a set of random rough surfaces with Gaussian
spectrum is generated. Then, the multidomain PSTD algorithm formulated above is
employed to determine the scattering of buried cylinders below each of the rough
surfaces generated. And finally, the statistic average of the scattering is determined. To
make sure that the Monte-Carlo statistic average results converge, a few numerical tests
are performed and presented in the next section.
4.5

Numerical Results and Discussions

Numerical results are presented and analyzed in this section. All the results are for
the scattering of a normal plane wave incidence, the time domain function of which is the
first derivative of the Blackman-Harris window function with central frequency of
100MHz, unless otherwise specified.
For the purpose of validation, in the first part of this section, results of the
scattering of cylinders buried below a planar and undulated rough interface are presented
and compared with published data. The upper half space is taken to be free space, and the
lower half space is characterized by µr = 1, εr = 4, and σ = 0.005. The incident wave is of
central frequency 155MHz traveling along –y direction. Fig. 4.7(a) illustrates the
geometry and computational domain of a square PEC cylinder with side length 1m buried
below a planar interface. The MPSTD computation result of the scattered field Ez
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observed at (0, 0) is compared with that published in [59]. The comparison depicted in
Fig. 4.7(b) shows an excellent agreement.

(a)

(b)
Fig. 4.7 Scattering of a square PEC cylinder buried below a planar interface. (a)
Geometry and computational domain; (b) Comparison with published data.
In the next example we present the result of scattering of an air-filled circular
tunnel below an undulated interface, the geometry and computation domain of which are
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depicted in Fig. 4.8(a). The MPSTD result of the scattered field observed at (6, 1) is
compared with the published data [59] in Fig. 4.8 (b). Again, the comparison shows an
excellent agreement between these two sets of data.

(a) Geometry and computational domain
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(b) Comparison with published data
Fig. 4.8 Scattering of an air-filled circular tunnel below an undulated interface.
In the second part of this section, the effect of a randomly rough surface on the
scattering is presented in the following three examples.
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(1) Scattering from a Random Rough Surface
For the Monte-Carlo method as a method of statistical trials, its convergence is an
important issue. To make sure that the numerical results of the Monte-Carlo MPSTD
technique formulated converges, we employ it for the analysis of scattering of a random
rough surface seperating two half spaces first. The upper half space is taken to be air

(εr1 =1) and the lower half space is characterized by (εr 2 = 3) . The random rough
surface is of finite length L = 8 m (2.67 λ 0 ) , correlation length lc = 0.5 m (0.167 λ0 ) , and
the rms height hrms = 0.3 m (0.1λ 0 ) . A set of N random rough surfaces (N = 2, 13, 14, and
21) is generated, the multidomain PSTD numerical technique is employed N times for
determining the scattering of each of the random rough surfaces, and then the
Monte-Carlo statistic average is obtained. Such obtained electric field Ez at an
observation point (0, 2) is presented in Fig. 4.9. From the data shown in this figure, one
notes that the numerical results have a significant change when N is increased from 2 to
13, but the change becomes very little when N is further increased from 13 to 14 and then
21. In other words, the Monte-Carlo multidomain PSTD results converge after it is
executed 13 times for solving this problem.
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Fig. 4.9 Scattering of a random rough surface observed at (0, 2).
To see the effect of the roughness of a random rough surface on its scattering,
next, we present the results of scattering from random rough surfaces of various rms
heights. Their length L and correlation length lc remain to be the same as that used in the
previous example. As depicted in Fig. 4.10, the rms height of a random rough surface can
significantly affect its scattering. Furthermore, one notes that as the rms height reduces
from 0.3m (0.1λ0 ) to 0.2 m (0.067 λ 0 ) and then 0.1m (0.033λ0 ) , the numerical
results of the electric field Ez tend to gradually converge to the analytical result for a flat
surface ( hrms = 0 ), which is expected.
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Fig. 4.10 Scattering of a random rough surface with various rms height.
(2) Scattering of a Circular PEC Cylinder Buried below a Random Rough Surface
The next two sample numerical results are for the scattering of a cylinder buried
below a random rough surface, which is of the same length L and correlation length lc
used in the previous examples. To validate the Monte-Carlo MPSTD algorithm, first, we
present the numerical results of scattering of a circular PEC cylinder of radius r =1.414m
(0.47 λ0) with its axis along (0, -3), buried below a random rough surface of the rms
height hrms = 0.3m. The geometry and computation domain with grids are depicted in Fig.
4.11(a). In Fig. 4.11(b), we present the numerical results of Ez observed at (0, 2) above
the rough surface for various lower half space relative permittivity εr2. From this figure,
one observes that as εr2 changes from 3, to 2, 1.5, and finally to 1, the results gradually
reduce to that for the cylinder located in free space, as expected. Moreover, it is of
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interest to note that as εr2 =1, the numerical result shown in this figure is exactly the same
as the analytic solution presented in Fig. 2.4(c), as it should be.
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(b)
Fig. 4.11 Scattering of a circular PEC cylinder buried below a random rough surface. (a)
Geometry of the computation domain; (b) Numerical results of Ez observed at (0, 2) for
various εr2.
Next, in Fig. 4.12, we present the numerical results of scattering of the circular
PEC cylinder considered in the previous example buried below a random rough surface
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of various rms heights, observed at (0, 2). From this figure, one observes that as the rms
height reduces from 0.3m (0.1 λ0) to 0.2m (0.067 λ0) and then 0.1m (0.033 λ0), the
numerical results of the electric field Ez tend to gradually converge to that for the circular
cylinder buried below a flat surface ( hrms = 0 ), as expected.
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Fig. 4.12 Numerical results of Ez for various rms height of the random rough surface.
(3) Numerical Results of Scattering of Two Rectangular Dielectric Cylinders
Buried below a Random Rough Surface
To illustrate the flexibility of the Monte-Carlo MPSTD algorithm, next, we
present the numerical results of scattering of two rectangular dielectric cylinders buried
below a random rough surface, which is of L = 12m (4λ0), lc = 0.4m (0.13 λ0), and hrms =
0.3m (0.1λ0). The two cylinders A and B have relative permittivity εrA =10 and εrB = 1 and
are located in the lower half space with relative permittivity of εr = 3. The computation
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domain and geometry are depicted in Fig. 4.13(a). In Fig. 4.13(b), we present the result of
a convergence test of the scattering observed at (0, 2) for various number N of the random
rough surfaces. From this figure, one notes that after taking the average of scattering with
15 randomly rough surfaces, the result converges. In Figs. 4.13(c) and (d), the field
distribution in the computation domain at specific moments of 15ns and 35ns are
presented to illustrate the propagation of plane wave, its interaction with the random
rough surface and the buried cylinders.
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Fig. 4.13 Scattering of two buried rectangular dielectric cylinders. (a) Geometry of the
computation domain; (b) Convergence test of the Monte-Carlo MPSTD result; (c)
Distribution of Ez in the computational domain at 15ns; (d) Distribution of Ez in the
computational domain at 35ns.
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CHAPTER FIVE
SCATTERING OF 3D OBJECTS BURIED BELOW
A RANDOM ROUGH SURFACE

In this chapter, the Monte-Carlo multidomain PSTD (MPSTD) numerical
technique developed in Chapter 4 is extended for studying the scattering of a
three-dimensional (3D) object buried below a random rough surface. In particular, the 3D
subdomain mapping and subdomain patching based on physical boundary conditions as
well as the driving composite fields in the 3D computation domain are derived and
verified. Sample numerical examples are presented and analyzed.
5.1

Three-Dimensional Subdomain Division and Subdomain Mapping

As shown in Chapter 2, the subdomain mapping is an essential component of the
MPSTD numerical technique. When a random rough surface and a 3D object with curved
surface are involved, the subdomain division, mapping of a subdomain from the (x, y, z)
coordinates to the (ξ, η, ζ) coordinates, and choosing of the anchor points for the mapping
are particularly important. Corresponding to certain shape of the object and the rough
surface profile, an appropriate division of the computational domain and proper selection
of the anchor points can help reduce the number of subdomains and thereby improve the
computational efficiency. For a general curved hexahedral subdomain, a curvilinear
coordinate transformation in terms of the Lagrange polynomials [13], [16] can be
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employed,
P

Q

R

x = ∑∑∑ x pqrφ p( P ) (ξ )φq( Q ) (η )φr( R ) (ζ ),
p = 0 q =0 r = 0
P

Q

(5.1)

R

y = ∑∑∑ y pqrφ p( P ) (ξ )φq(Q ) (η )φr( R ) (ζ ),
p = 0 q = 0 r =0
P

Q

(5.2)

R

z = ∑∑∑ z pqrφ p( P ) (ξ )φq( Q ) (η )φr( R ) (ζ ),
p =0 q =0 r =0

(5.3)

where xpqr, ypqr, and zpqr are the anchor points.
To illustrate the procedure of the subdomain division and selection of anchor
points for subdomain mapping, we use a dielectric sphere below a random rough surface
as an example, the geometry of which is depicted in Fig. 5.1.

Fig. 5.1 Geometry of a dielectric sphere below a random rough surface.
As the first step of the 3D MPSTD formulation, the computation domain is
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divided into 216 nonoverlapping hexahedral subdomains conformal to the geometry.
Sample subdomains that contain the rough surface and the dielectric sphere are depicted
in Fig. 5.2(a). After the subdomain division, anchor points in each subdomain are chosen
for the coordinate mapping. For the subdomains inside the dielectric sphere, the anchor
points can be selected in the same way as that are presented in Chapter 3. However, for
the subdomains that are partially bounded by the random rough surface, more anchor
points are required. In this work, 90 anchor points are chosen in each of these
subdomains. Then, using these anchor points in equations (5.1) – (5.3), a hexahedral
subdomain in the (x, y, z) coordinate system is successfully mapped to a unit cube in the
(ξ, η, ζ) coordinate system, as depicted in Fig. 5.2(b).

(a)
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(b)
Fig. 5.2 Subdomain division and coordinate mapping. (a) Subdomain division; (b)
Coordinate mapping.
5.2

Subdomain Patching in 3D Computation Domain

Two subdomains, which are separated by a random rough surface, in the (x, y, z)
coordinate system are illustrated in Fig. 5.3. Following the procedure described above,
each subdomain is mapped to a unit cube in the (ξ, η, ζ) coordinate system. The bottom
surface of subdomain (2) and the top surface of subdomain (1) are mapped to the η = -1
and η = 1 surface of the cube, respectively. Note that the interface separating these two
subdomains is a random rough surface, special attention should be paid to the subdomain
patching there. To satisfy the boundary conditions, which require continuity of the
tangential components of the electric and the magnetic field at the interface, we need to
identify the tangential and normal unit vectors at the interface first; then they can be used
to determine the tangential and normal components of the fields.
The unit vector normal to the η = 1 plane is given by
ɵ
n=

1

η +η +η
2
x

2
y

2
z

⋅ (η x ɵ
x + η y ɵy + η z ɵz ),
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(5.4)

and the three vectors tangential to the interface are


1
ɵ
t1 =
⋅ (η z ɵy − η y ɵz ),
2
2

η y +ηz

1

⋅ (−η z ɵ
x + η x ɵz ),
t2 =
2
2
ηx +ηz


1
t3 =
⋅ (η y ɵx − η x ɵy ),
2
2

ηx +η y


(5.5)

in which ηx, ηy, and ηz are the partial derivatives of η with respect to x, y, and z. It is noted

that the three unit vectors in (5.5) are not linearly independent. Therefore, after two out of
the three tangential field components are set to be continuous, the third one is
automatically continuous.

Fig. 5.3 Two subdomains separated by a rough surface.
Using the unit vectors given in (5.4) and (5.5), the tangential and normal
components of the fields can be obtained by taking dot product of the corresponding unit
vector with the field. Then, by enforcing the continuity of the tangential components
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along the unit vectors

ɵt 1

and

ɵt 2

, and leaving the normal components remain

unchanged, we have
1
(2)
 (1)
 ( 2) 1 ( H (1) + H ( 2) ), H
 t(1)2 , H
 t(2)
H
( H t(1)
t1 , H t1 =
2 =
t1
t1
2 + H t 2 ),
2
2
 t(1)1 , E
 t(12) = 1 ( E (1) + E (2) ), E
 t(1)2 , E
 t( 22) = 1 ( E (1) + E (2) ),
E
t1
t1
t2
t2
2
2
(1)
 (1)
E
n = En ,
(2)
 (2)
E
n = En ,

(1)
 (1)
H
n = Hn ,

(5.6)
(5.7)
(5.8)

(2)
 (2)
H
n = Hn ,

(5.9)

where the tilted variables are the tangential and normal components after the subdomain
patching at each time step, the untitled variables are the components before the patching;
and the super script denote the subdomain where the field components are located.
Solving equations (5.6) - (5.9), the updated field components in subdomains (1)
and (2) are obtained. The updated field components in subdomain (1) along the rough
surface are

η x2 ( Ex(1) − Ex(2) ) + η xη y ( E y(1) − E y(2) ) + η xη z ( Ez(1) − Ez(2) )
(1)
1 (1)
(2)

E x = ( Ex + Ex ) +
, (5.10)
2
2(η x2 + η y2 + η z2 )
η xη y ( E x(1) − E x(2) ) + η y2 ( E y(1) − E y(2) ) + η yη z ( E z(1) − E z(2) )
1 (1)
 (1)
E
( E y + E y(2) ) +
, (5.11)
y =
2
2(η x2 + η y2 + η z2 )
η xη z ( Ex(1) − E x(2) ) + η yη z ( E y(1) − E y(2) ) + η z(2) ( Ez(1) − Ez(2) )
(1)
1 (1)
(2)

E z = ( Ez + Ez ) +
, (5.12)
2
2(η x2 + η y2 + η z2 )
η x2 ( H x(1) − H x(2) ) + η xη y ( H y(1) − H y(2) ) + η xη z ( H z(1) − H z(2) )
1 (1)
 (1)
H
( H x + H x(2) ) +
, (5.13)
x =
2
2(η x2 + η y2 + η z2 )
η xη y ( H x(1) − H x(2) ) + η y2 ( H y(1) − H y(2) ) + η yη z ( H z(1) − H z(2) )
1 (1)
(2)
 (1)
=
+
+
H
(
H
H
)
, (5.14)
y
y
y
2
2(η x2 + η y2 + η z2 )
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η xη z ( H x(1) − H x(2) ) + η yη z ( H y(1) − H y(2) ) + η z(2) ( H z(1) − H z(2) )
(1)
1 (1)
(2)

H z = (H z + H z ) +
.(5.15)
2
2(η x2 + η y2 + η z2 )
The updated electric and magnetic field components in subdomain 2 can be
expressed by equations in the same form as equations (5.10) - (5.15) with the super
scripts 1 and 2 exchanged.
For the subdomain patching along the interfaces normal to ξ and ζ direction, after
going through a similar procedure, the updating equations can be obtained by replacing η
by ξ and ζ respectively in equations (5.10) - (5.15).
To validate the subdomain patching equations derived above, we use a virtual
random rough surface placed along y = 0 and the half spaces above and below it are both
set to be free space. In the first example, we consider the scattering of a dielectric cube,
which is of side length 0.6m, centered at (0, -0.9, 0), and characterized by µr = 1, εr = 4
and σ = 0. It is illuminated by a TMz plane wave incidence propagating in –y direction,
the time function of which is the first derivative of Blackman-Harris (BH) window
function with central frequency 200MHz. At two observation points, one is below and the
other is above the virtual rough surface, such calculated MPSTD results of the total field
Ez are compared with the free-space results as well as those obtained using the FDTD
method. From the comparison illustrated in Figs. 5.4 (a) and (b), one sees an excellent
agreement between the three sets of data, as expected.
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Fig. 5.4 Scattering of a dielectric cube below a virtual random rough surface compared
with the free-space results as well as the FDTD results (a) at (0, -0.3, 0); (b) at (0, 0.6, 0).
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In the second example, we consider a lossy dielectric sphere, which is of radius
2m, centered at (0, -3, 0), and characterized by µr = 1, εr = 4, and σ = 0.002. The incident
wave is of central frequency of 50MHz. At two observation points, one is below and the
other is above the virtual rough surface, the MPSTD results of the total field Ez are
compared with the free-space results as well those obtained using the FDTD method. The
comparison is illustrated in Figs. 5.5 (a) and (b), where an excellent agreement between
the three sets of data is observed.
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Fig. 5.5 Scattering of a dielectric sphere below a virtual random rough surface compared
with the free-space results as well as the FDTD results at (a) (0, -3, -2.5); (b) (0, 2, 0).
5.3

Determination of the Driving Composite Fields in 3D Computation Domain
The concept of the driving composite fields in a two-half-space region, used in the

2D MPSTD algorithm presented in Chapter 4, is adopted for the analysis of the scattering
of a 3D object buried below a random rough surface in this chapter. It is still determined
by a “three-wave approach”. In the upper half space, the driving composite field is the
sum of the initial incident field plus the reflected field; and in the lower half space, the
driving composite field (the incident field to the buried object) is the transmitted field. In
a 3D computation domain, the driving composite field is implemented as the incident
field along the six planar boundaries between the total field (TF) and scattered field (SF)
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regions, depicted in Fig. 5.6. For a TMz incident plane wave propagating in the –y
direction considered in this chapter, only Ez and Hx exist. Subsequently, Ez is enforced on
the top, bottom, left, and right TF/SF interfaces, while Hx is enforced on the top, bottom,
front, and back TF/SF interfaces.

Fig. 5.6 TF/SF interfaces in a 3D computation domain.
To verify the correctness of the three-wave approach in a 3D computation domain,
it is implemented for the analysis of a TMz plane wave propagation in a two-half space
region with a planar interface. The upper half space is set to be free space and the lower
half space has the relative permittivity εr2 = 2. Numerical results of the computed total
electric field are compared with the incident field at two observation points in the upper
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and lower half space. The comparison shown in Figs. 5.7(a) and (b) illustrates an
excellent agreement between these two sets of data, as they are supposed to be.
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Fig. 5.7 Comparison of total field with the incident field at (a) (0, 1, 0) (above the
interface); (b) (0, -1, 0) (below the interface).
5.4

Numerical Results and Discussions

In this section, we present numerical results of scattering of a 3D object buried
below a random rough surface separating two half spaces. The upper half space is taken
to be free space, and the lower one is a dielectric medium. The excitation is a TMz plane
wave normal incidence, the time function of which is the first derivative of the BH
window function with central frequency 100MHz, unless otherwise specified.
(1) Scattering from a Random Rough Surface
To make sure that the numerical results of the 3D Monte-Carlo MPSTD technique
converges, first, we employ it for the analysis of scattering of a random rough surface of
finite length, which is of correlation length lc = 0.45m, the rms height hrms = 0.2m, and
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located in −4 ≤ x ≤ 4, − 3 ≤ z ≤ 3 . The lower half space has relative permittivity ε r 2

= 3.

The computation domain (PML regions is not included for simplicity) is shown in Fig.
5.8.

Fig. 5.8 3D computational domain involving a random rough surface.
A set of N random rough surfaces is generated, the MPSTD numerical technique
is employed N times for determining the scattering of each of the random rough surfaces,
and then the Monte-Carlo statistic average is obtained. Such obtained electric field Ez
observed at (0, 2, 0) and (-3, 2, 0) are presented in Figs. 5.9 (a) and (b). From the data
presented in the figures, one notes that the numerical results have a significant change
when N is increased from 1 to 10, but the change becomes very little when N is further
increased from 10 to 13, which verifies the convergence of the Monte-Carlo MPSTD
numerical technique after it is executed 10 times.
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Fig. 5.9 Convergence test of the scattering of a set of random rough surfaces observed at
(a) (0, 2, 0) and (b) (-3, 2, 0).
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(2) Scattering of a PEC Cube Buried below a Random Rough Surface
Next, we present the numerical results of scattering of a PEC cube with side
length of 2m and centered at (0, -3, 0), buried below a random rough surface, which is of
the same parameters as that used in the previous sub-section. The computation domain is
illustrated in Fig. 5.10(a). In Figs. 5.10(b), we present the numerical results of Ez
observed at (-5, 2, 2) above the rough surface for the lower half space relative
permittivity εr2 varying from 3 to 1. From the data presented in the figures, one observes
that as εr2 decreases from 3 to 2, then to 1.5, and finally to 1, the results gradually reduce
to that for the cube located in free space, as expected. In addition, one notes that as εr2
increases, there is a time delay of the wave propagation. This is due to the fact that the
electromagnetic wave propagates at a slower speed in a medium with higher relative
permittivity.
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Fig. 5.10 Scattering from a PEC cube buried below a random rough surface. (a)
Geometry of the 3D computation domain; (b) Ez field observed at (-5, 2, 2) for various
relative permittivity εr2.
To illustrate the plane wave propagation through the rough surface and its
scattering by the PEC cube, spatial distribution of the electric field Ez in the z = 0 plane at
two specific moments t = 15ns and t = 30ns, for εr2 = 3, are depicted in Figs. 5.11(a) and
(c). The shape of the rough surface is well displayed in Fig. 5.11(a), but the buried cube is
not shown there. This is due to the fact that at t = 15ns, the incident wave just impinges
the rough surface but has not reached the buried cube yet. As the time progresses, the
wave travels farther and at t = 30ns, the buried PEC cube is illuminated and its shape is
well represented in Fig. 5.11(c). In order to demonstrate the impact of the roughness of
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the interface on the scattering, the spatial distribution
distributi of Ez with a flat media interface at t
= 15ns and t = 30ns are illustrated in Figs. 5.11(b) and (d). From a comparison between
the data shown in Fig. 5.11(a) with 5.11(b) and Fig. 5.11(c) with Fig. 5.11(d), one
observes a significant difference, which iiss due to the impact of the rough surface.

(a)

(b)

(c)
(d)
Fig. 5.11 Spatial distribution of the electric field on the z = 0 plane. (a) with a random
rough interface, observed at t = 15ns; (b) with
ith a flat interface, observed at t = 15ns; (c)
with
ith a random rough interface, observed at t = 30ns; (d) with
ith a flat interface, observed at
t = 30ns.
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(3) Scattering of a Dielectric Cube and That of a Dielectric Square Cylinder
Buried below a Random Rough Surface
Next, we present the numerical results of scattering of a dielectric cube with side
length of 2m and centered at (0, -3, 0), buried below a random rough surface. The random
rough surface is of correlation length lc = 0.5m, rms height hrms = 0.3m, and located in
−4 ≤ x ≤ 4, − 4 ≤ z ≤ 4 . The lower half space is characterized by εr2=4. The incident plane

wave has a central frequency of 100MHz. The numerical results of Ez observed at (0, 2, 0)
are depicted in Fig. 5.12 for the relative permittivity of the dielectric cube εr3 varying
from 4 to 6, and then to 8.5. As shown in this figure, before the moment when t ≈ 30 ns.,
the electric field Ez does not change as εr3 varies because the field then is due to the
scattering of the lower half space only, the relative permittivity of which remains to be
unchanged. But after that moment, the scattering from the dielectric cube reaches the
observation point and it changes for different εr3, as it is supposed to. Note that for εr3 = 4,
which is equal to the relative permittivity of the lower half space εr2, there is no scattering
from the dielectric cube and the scattering is from the rough surface only, as illustrated by
the dotted green line. But as εr3 is increased to 6 and then to 8.5, the scattering from the
dielectric cube shows up and becomes stronger for larger εr3, as expected.
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Fig. 5.12 Scattering from a dielectric cube buried below a random rough surface observed
at (0, 2, 0) for various εr3.
To illustrate the capacity of the Monte-Carlo MPSTD method presented in this
dissertation, next, we consider a buried dielectric square cylinder, with a cross sectional
area of 0.6m×0.6m and a length of 1.8m, buried below a random rough surface with
various roughness. The top surface of the buried square cylinder is located 0.6m below
y=0 where the rough surface is located. The incident plane wave is with central frequency
fc = 200MHz, the lower half space is taken to be of relative permittivity εr2 = 2 and the
dielectric square cylinder is characterized by εr3 = 4. The roughness of the random rough
surface can be described by its rms slope s =

2 hrms
[61]. The correlation length of the
lc

random rough surface is taken to be lc = 0.12m (0.08 λ), and its rms height hrms varies
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from 0.06m (0.04λ), to 0.09m (0.06 λ), then 0.12m (0.08 λ), and finally 0.15m (0.1 λ),
which correspond to s = 0.707, 1.06, 1.4142, and 1.7678, respectively. The numerical
results are presented in Fig. 5.13. It has been found from the numerical tests that the
solution is stable for hrms = 0.06m, 0.09m, and 0.12m using a time step length t = 5ns. But
for hrms = 0.15m, the solution becomes unstable. However, the solution regains its
stability after the time step is decreased to t = 2ns, at a cost of longer computation time.
This numerical example demonstrates that the Monte-Carlo MPSTD method presented
can solve the scattering problem involving a pretty rough random rough surface with its
rms slope up to s = 1.7678. For comparison, in the literature, for examples, a rough
surface with lc = 0.2m and hrms = 0.1m (s = 0.707) is considered in [10]; lc = 0.2 λ and hrms
= 0.01 λ (s = 0.0707) are used in [65].
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Fig. 5.13 Scattering from a dielectric square cylinder buried below a random rough
surface observed at (0, 0.6, 0) for various rms height hrms.

72

Next, we present the scattering of a 3D dielectric square cylinder (µr3 = 1, εr3 = 6)
with a cross section of 2m×2m and a reasonably long length of 6m (2c), located at
(0,-3,0), buried below a random rough surface. The random rough surface is of
correlation length lc = 0.5m, rms height hrms = 0.3m, and located at y = 0,
−4 ≤ x ≤ 4, − 4 ≤ z ≤ 4 . The lower half space is characterized by (µr2 = 1, εr2 = 4). The time

function of the incident plane wave is the first derivative of BHW function with central
frequency fc =100MHz. To validate the numerical result of the scattering by the buried 3D
object, it is compared with that of a buried 2D dielectric cylinder, which is of the same
cross section but of infinitely long length. The comparison of the electric field Ez for the
3D object and that for the 2D cylinder is made at the center of the top surface of the
buried object (0, -2, 0). From the comparison illustrated in Fig. 5.14, it is noted that at
this observation point, the two sets of data are very close to each other, as expected.
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Fig. 5.14 Comparison of 3D and 2D results at the center of the top surface of the buried
dielectric objects.
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(4) Scattering of a Dielectric Sphere Buried below a Random Rough Surface
The last example is for the scattering of a lossy dielectric sphere buried below a
random rough surface. The geometry and the electromagnetic parameters of the sphere,
and the incident wave are taken to be the same as those used for Fig. 5.5. The random
rough surface is of correlation length lc = 0.4m, the rms height hrms = 0.2m, and it is
located in −4 ≤ x ≤ 4, − 3 ≤ z ≤ 3 . The numerical results of Ez observed at (0, 2, 0) are
presented in Fig. 5.15 for the lower-half-space relative permittivity εr2 varying from 1 to
1.2, then to 1.5, and finally to 2. From this figure, one observes that as εr2 = 1, which is
equivalent to the problem of scattering of the dielectric sphere in free space, the result is
exactly the same as that shown in Fig. 5.5(b), as expected. And when εr2 is gradually
increased from 1 to 2, the effects of the random rough surface appears and it gradually
dominates the scattering.
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Fig. 5.15 Scattering from a dielectric sphere buried below a random rough surface
observed at (0, 2, 0) for various εr2.
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5.5

Conclusions

In this chapter, the Monte-Carlo MPSTD technique is extended to studying the
scattering of a three-dimensional (3D) object buried below a random rough surface.
Numerical examples are presented, analyzed, and validated. The 3D objects of various
shapes, dimensions, and electromagnetic properties, buried below a random rough
surface with different roughness are considered. It is anticipated that the Monte-Carlo
MPSTD technique has a potential to be used for practical applications such as subsurface
investigations, including the detection of the buried explosive objects.
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CHAPTER SIX
SCATTERING OF OBJECTS EMBEDDED IN LOWER HALF SPACE CONSISTING
OF TWO LAYERS WITH RANDOM ROUGH SURFACE

In this chapter, the Monte-Carlo MPSTD numerical technique developed in the
previous chapters is extended for studying the scattering of a two-dimensional (2D) and
three-dimensional (3D) object buried in a two-half-space region. The upper and lower
half space are separated by a random rough surface. The upper half space is taken to be
free space (µr1=1, εr1=1), and the lower half space consists of two layers of different
electromagnetic properties. As the first step, the analytic expression of the composite
fields of the plane wave propagating in such a layered structure with planar interfaces is
derived. Then, such derived composite fields are used as the incident fields to the buried
object; and the MPSTD method is developed to analyze the scattering of a 2D and 3D
object embedded in the layered lower half space. Three different cases are considered, an
object buried in the first layer, in the second layer, and an object buried across the
interface between the two layers of the lower half space. Their numerical results are
presented and analyzed.
6.1

Derivation of the Driving Composite Fields

As the first step, the composite fields driving the scattering of the buried object
are determined by a “three-wave approach”, as presented in Chapters 4 and 5. In this
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approach, we still place a virtual planar interface y = 0 and/or y = -d along the rough
surface. The random rough surface just causes additional inhomogeneities above/below
the virtual planar interface; and these inhomogeneities can be treated as “additional
scatterers” touching the virtual planar surface. But different from the previous two
chapters, the lower half space considered in this chapter consists of two layers. Such a
layered structure is similar to a dielectric slab, but the regions above and below it have
different electromagnetic properties.
A TMz plane wave propagating in –y direction in the layered structure is shown in
Fig. 6.1. Note that there are multiple reflections inside the slab ( − d ≤ y ≤ 0) . However, as
stated in [66], the fields within the slab can be considered as upward- and
downward-propagating plane waves, which accounts for the effect of multiple reflections
inside the slab. This idea can be utilized for the formulation of the composite field in the
layered region.

Fig. 6.1 A TMz plane wave propagating in layered structure.
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For a normal incident TMz plane wave propagating in –y direction, only Ez and Hx
exist. In the frequency domain, the electric and magnetic field in each of the three regions
can be expressed as

 E0e jk0 y + E1e − jk0 y ,

E z =  E2e jk1 y + E3e − jk1 y ,

jk2 ( y + d )
.
 E4 e

( y > 0)
( − d < y < 0)

(6.1)

( y < −d )

 E0 jk0 y E1 − jk0 y
,
− η e + η e
0
 0
 E
E
H x =  − 2 e jk1 y + 3 e − jk1 y ,
η1
 η1
 E4 jk2 ( y +d )
.
− e
 η2

( y > 0)
( −d < y < 0)

(6.2)

( y < −d )

By enforcing the continuity of Ez and Hx at y = 0 and y = -d, then solving the
resulting equations, we have the coefficients as

E1 =

(n1 − n1n2 )cos k1d + j(n2 − n12 )sin k1d
E0 ,
(n1 + n1n2 )cos k1d + j(n2 + n12 )sin k1d

(6.3a)

E2 =

n1 − 1
n +1
E1 + 1
E0 ,
2n1
2n1

(6.3b)

E3 =

n1 + 1
n −1
E1 + 1 E0
2n1
2n1

(6.3c)

and

E4 =

n1 − 1 − jk1d
n +1
n +1
n −1
e E1 + 1 e jk1d E1 + 1 e− jk1d E0 + 1 e jk1d E0 .
2n1
2n1
2n1
2n1

(6.3d)

Note that the fields given above are in frequency domain. For the incident plane
wave, which is given in time domain, Fourier transform needs to be employed to obtain
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its spectrum [67]. Then, using equation (6.3) with equations (6.1) and (6.2), the
composite fields of each spectral component can be obtained. Finally, the time-domain
composite fields are determined using inverse Fourier transform.
Such determined composite fields are used as the incident field to the object
embedded in the layered lower half space. The Mote-Carlo MPSTD method is employed
to solve for the scattered field of the buried object under a normal plane wave incidence
propagating in –y direction, the time domain function of which is taken to be the first
derivative of BHW window function with a center frequency of 100MHz. In all the
numerical examples presented in this chapter, the two half spaces are separated by a
random rough surface along y = 0. The upper half space is taken to be free space, and the
lower half space consists of two layers. The first layer, which is between the random
rough surface and a planar interface (y = -4 for sections 6.2 and 6.3; y = -2 for sections
6.4 and 6.5), is characterized by µr2 = 1, εr2 = 2; and the second layer that is under the
planar interface has parameters of µr3 = 1, εr3 = 4.
6.2

Scattering from a Layered Lower Half Space With Random Rough Surface
As a prelude of the analysis of scattering of an object embedded in a layered

lower half space with a random rough surface, in this section, we study the scattering
from the layered lower half space alone, in absence of the buried object, first. The
geometry is shown in Fig. 6.2. The random rough surface is of finite length in x direction,
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located in −4 ≤ x ≤ 4 along y = 0; its height varies in x direction only and remains
invariant in z direction. The correlation length of the random rough surface is 0.4m.

Fig. 6.2 Geometry of the upper half space and the lower half space consisting of two
layers and with a random rough surface.
In Fig. 6.3, we compare the numerical results of Ez field observed at (0, 2) for
different rms height of the random rough surface. From the comparison, one observes that
when the rms height hrms = 0, the result agrees with the analytic result for a flat surface at
y = 0 as it is supposed to be. And as hrms decreases from 0.3m, to 0.2m, 0.1m, and then 0m,
the numerical results gradually converge to that for a flat surface, as expected. Also, the
four different curves show the impact of the roughness of the random rough surface on
the scattered field. In addition, one notes that the incident wave propagates to impinge the
random rough surface along y = 0 first and then the flat interface at y = -4; after that, the
wave is scattered back to reach the observation point at y = 2 from the rough surface
along y = 0 and then from the flat interface at y = -4. Due to such a time sequence, the
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field depicted in this figure represents the incident wave for t < 15ns, the scattered wave
by the rough surface for 15ns < t < 30ns, and then the wave scattered by the flat interface
for t > 30ns. Therefore, for t < 15ns, the curves corresponding to the four different values
of hrms are identical because they are all the incident wave that is not affected by hrms;
then for 15ns < t < 30ns, the magnitudes of the fields are noticeably different due to the
effect of the different hrms on the scattering from the rough surface. The noticeable peaks
between 50ns and 70ns are caused by the wave scattered back from the flat interface in
the lower half space.
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Fig 6.3 Ez observed at (0, 2) for different rms height.

6.3

Scattering of an Object Buried in the First Layer of the Lower Half Space
In this section, first, we consider the scattering of a 2D dielectric square cylinder
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characterized by µr4 = 1, εr4 = 6. It has a 2m×2m cross sectional area and is of infinite
length, embedded in the first layer of the lower half space and its axis is along x = 0 and y
= -3, as illustrated in Fig. 6.4. The random rough surface has finite length and the same
parameters as described in the previous numerical example.

Fig. 6.4 Geometry of a 2D dielectric square cylinder embedded in the first layer of the
lower half space with a random rough surface.
In Fig. 6.5, we compare the electric field Ez observed at (0, 2) corresponding to
different rms height of the random rough surface. From the comparison, one observes that
as the rms height is reduced from 0.3m to 0.2m, 0.1m, and then 0, the numerical results of
Ez tend to gradually converge to that for an object below a flat surface, as expected. Also,
the four different curves show the impact of the roughness of the random rough surface
on the scattered field. In addition, by comparing the numerical results presented in Figs.
6.5 and 6.3 (with and without the buried cylinder), one notes that these two sets of data
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are almost the same for t < 30ns, because during that time interval, the fields observed are
just the incident field and then the field scattered back from the random rough surface,
which are not related to the buried cylinder. However, for t > 30ns, the two sets of data
are quite different. This is because that after t = 30ns, the field observed is due to the
scattering from the buried cylinder as well as the interaction between the buried cylinder
and the layered lower half space; hence whether or not the buried cylinder is there
matters.

Fig. 6.5 Scattering of a 2D dielectric square cylinder embedded in the first layer of the
lower half space corresponding to different rms height of the random rough surface.
Next, we consider the scattering of a three-dimensional (3D) object embedded in
the first layer of the lower half space. To validate the numerical result, we compare the
scattering of a buried 3D dielectric square cylinder with the corresponding 2D cylinder
result. The 3D dielectric square cylinder has the same electromagnetic property and the
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same cross sectional area as the 2D dielectric square cylinder presented in the previous
example, but it is of a finite length of 8m. The random rough surface has rms height of
0.2m and correlation length of 0.4m. It is of finite length in x and z directions,
−4 ≤ x ≤ 4, − 4 ≤ z ≤ 4 , along y = 0; its height varies in x direction only, and remains the

same in z direction, as illustrated in Fig. 6.6.

Fig. 6.6 A 3D dielectric square cylinder buried in the first layer of the lower half space.
In Fig. 6.7, we compare the numerical result of the Ez field of the 3D dielectric
square cylinder embedded in the first layer of the lower half space with the corresponding
2D result at the observation point (0, -2,
2, 0), which is the center of the top surface of the

buried object. Since the buried 3D cylinder and the random rough surface
su
both have a
reasonably large length in z direction (8m = 2.67λc), one would expect that the Ez field
observed at the middle point (0, -2, 0) of the top surface of the 3D buried cylinder should
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be very close to that of the corresponding 2D cylinder, and that is exactly what is
exhibited in Fig. 6.7.
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Fig. 6.7 Comparison of the 2D and 3D results at the middle point of the top surface of the
buried square cylinder.
After validation of the numerical result of the 3D dielectric square cylinder, we
consider another configuration of the buried object, which is a dielectric cube with side
length of 2m, centered at (0, -3, 0) in the first layer of the lower half space. It is
characterized by µr4 = 1 and εr4 = 6. The random rough surface is the same as that in the
previous example but its rms height varies from 0m to 0.1m, and then 0.2m. The Ez field
observed at (0, 2, 0) is presented in Fig. 6.8, where similar observations can be made as
that for Fig. 6.5.
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Fig. 6.8 Scattering of a 3D dielectric cube buried in the first layer of the lower half space
corresponding to different rms height of the random rough surface.
6.4

Scattering of an Object Buried in the Second Layer of the Lower Half Space
In this section, the scattering of an object buried in the second layer of the lower

half space is studied. The first layer of the lower half space is between the random rough
surface along y = 0 and a planar interface y = -2m, characterized by µr2 = 1, εr2 = 2; and
the second layer is under y = -2m, having electromagnetic properties µr3 = 1, εr3 = 4. First,
we consider a 2D dielectric square cylinder (µr4 = 1, εr4 = 6) of 2m×2m cross sectional
area and infinite length centered at (0, -3), as shown in Fig. 6.9. The random rough
surface has the same parameters as that used for the first example presented in Section
6.3 (Figs. 6. 4 and 6.5).
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Fig. 6.9 Geometry of a 2D dielectric square cylinder buried in the second layer of the
lower half space.
In Fig. 6.10, we compare the numerical results of the electric field Ez at (0, 2)
corresponding to different rms height of the random rough surface. From the comparison,
one observes that the three different curves show the impact of the roughness of the
random rough surface on the scattered field. In addition, one notes that the incident wave
propagates to impinge the random rough surface along y = 0 first and then the flat
interface at y = -2 and the dielectric square cylinder buried in the second layer of the
lower half space; after that, the wave is scattered back to reach the observation point at y
= 2 from the rough surface along y = 0 and then from the buried dielectric cylinder, the
top surface of which touches the flat interface y = -2. Due to such a time sequence, the
field depicted in this figure represents the incident wave for t < 15ns, the scattered wave
by the rough surface for 15ns < t < 30ns, and then for t > 30ns, it is the scattering from
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the buried cylinder as well as the interaction between the buried cylinder and the layered
lower half space. Therefore, for t < 15ns, the curves corresponding to the three different
values of hrms are identical because they are all the incident wave that is not affected by
hrms; then for 15ns < t < 30ns, the magnitudes of the fields are noticeably different due to
the effect of the different hrms on the scattering from the rough surface.

Fig. 6.10 Scattering of a 2D dielectric square cylinder buried in the second layer of the
lower half space for of different rms height of the random rough surface.
Next, we study the scattering of a 3D object buried in the second layer of the
lower half space. As an example, a dielectric cube, with a 2m side length centered at (0,
-3, 0), of various relative permittivity is considered. The geometry and the
electromagnetic properties of the lower half space are the same as that used in the
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previous example. The random rough surface has rms height of 0.2m and correlation
length of 0.4m. It is of finite length in x and z directions, −4 ≤ x ≤ 4, − 4 ≤ z ≤ 4 , along y
= 0; its height varies in x direction only, and remains unchanged in z direction, as
illustrated in Fig. 6.11.

Fig. 6.11 A 3D dielectric cube embedded in the second layer of the lower half space.
Fig. 6.12 presents the numerical results of scattering of the buried dielectric cube
observed at (0, 2, 0), corresponding to different permittivity of the dielectric cube. The
three curves
urves presented in this figure illustrate the impact of the electromagnetic property
prop
on the scattered field. Also,
o, from this figure, one observes that as the relative permittivity
of the dielectric cube r4 varies from 8.5, to 6, and then 4, the Ez field gradually
converges to that by the layered lower half space with a random rough surface alone in
absence of the buried dielectric cube, as r4 = r3. In addition, one notes that the three
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curves almost fall on top of each other for t < 30ns, because during that time interval, the
fields observed are just the incident field and then the field scattered back from the
random rough surface, which are not related to the buried cube. However, for t > 30ns,
the three curves are different. This is because that after t > 30ns, the field observed is due
to the scattering from the buried cube as well as the interaction between the buried cube
and the layered lower half space; hence the relative permittivity of the buried dielectric
cube plays an important role on the scattered field.

Fig. 6.12 Scattering of a dielectric cube of different relative permittivity buried in the
second layer of the lower half space.
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6.5

Scattering of a Cylinder Partially Buried in the First and
Second Layer of the Lower Half Space

In this section, we study the scattering of a 2D PEC circuilar cylinder buried
across the planar interface y = -2 between the two layers of the lower half space. As
shown in Fig. 6.13, the PEC cylinder is of radius r = 1.414m, its axis is parallel to the z
axis along (x = 0, y = -3). The random rough surface is of finite length in x direction,
located in −4 ≤ x ≤ 4 along y = 0; its height varies in x direction only and remains
invariant in z direction. The correlation length of the random rough surface is 0.4m and its
rms height is 0.2m.

Fig. 6.13 A 2D PEC cylinder buried across the planar interface between the two layers of
the lower half space.
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To illustrate the plane wave propagation through the rough surface along y = 0 to
the layered lower half space and its scattering by the buried PEC cylinder, spatial
distribution of the electric field Ez in the xy plane at four specific moments t = 10ns, 20ns,
30ns and 40ns, are depicted in Figs. 6.14(a), (b), (c), and (d). One notes that the shape of
the rough surface is well displayed in Fig. 6.14(a), but the buried cylinder is not shown
there. This is due to the fact that at t = 10ns, the incident wave just impinges the rough
surface but has not reached the buried cylinder yet. As the time progresses, the wave
travels farther and the buried PEC cylinder is illuminated and at t = 20ns and 30ns, more
and more of its shape is shown in Figs. 6.14(b) and (c); and at t = 40ns, its complete
shape is well displayed in Fig. 6.14(d).

(a)

at t = 10ns

(b) at t = 20ns
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(c) at t = 30ns

(d) at t = 40ns

Fig. 6.14 Spatial distribution of the electric field on the xy plane at four time steps.
6.6

Conclusions

In this chapter, the Monte-Carlo MPSTD algorithm is further developed and
implemented to study the scattering of an object embedded in the lower half space with a
random rough surface consisting of two layers. The object may be buried in the first layer
or the second layer or across the interface between these two layers; and it can be a 2D
cylinder or a 3D object. Sample numerical results are presented, analyzed and validated.
It is anticipated that this study would help people better understand the scattering of such
a more realistic structure. Hence, it has a potential to be employed to subsurface
investigations in the future. And the Monte-Carlo MPSTD method presented in this
dissertation may be further developed to solve the other electromagnetic problems in
addition to the scattering problems.
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APPENDIX
GAUSSIAN RANDOM ROUGH
In this appendix, a few important parameters of Gaussian random rough surface are
introduced as the follows.
A.1 Random Rough Surface Root-Mean-Square (rms) Height and Probability Function
The rms height is one of the factors that determine the roughness of a random
rough surface. For a Gaussian random rough surface, the surface heights are expressed as
y = f(x), and it has Gaussian probability function as [60], [61]
p( y ) =

1
( y − η )2
exp( −
)
2h 2
h 2π

(A-1)

in which h is the standard deviation or root-mean-square (rms) height, and η is the mean
value of the surface height which is usually assumed to be zero.
A.2 Correlation Function and Correlation Length
The correlation function describes the correlation of two random points on the
random rough surface. Together with the rms height, it describes the roughness. The
correlation function of the random rough process of surface height f(x) is defined [68] as

Rf ( x1, x2 ) =< f ( x1 ) f ( x2 ) > ,

(A-2)

in which the right hand side is the inner product. For Gaussian random rough surface with
zero mean and rms height of h, the correlation function is obtained as
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R f ( x1 , x2 ) = h 2C ( x1 , x2 )
C ( x1 , x2 ) = exp( −

where

( x1 − x2 ) 2
)
l2

(A-3)
(A-4)

in which l is the correlation length. With x1 − x2 ≫ l , the correlation function tends to be
zero, and the functions f(x1) and f(x2) become independent.
A.3 Generation of Random Rough Surface Using Spectral Method
The random rough surface height profile is generated using a spectral method [61],
[68], [69], and the procedure is summarized as follows. The spectral density or power
spectrum is defined as the Fourier transform of the correlation function Rf(x)
W (k x ) =

1
2π

∫

∞

−∞

dxR f ( x ) exp( jk x x )

(A-5)

where kx is the Fourier transform variable. And the inverse Fourier transform yields
∞

R f ( x ) = ∫ dk xW ( k x ) exp( − jk x x )
−∞

(A-6)

For a Gaussian random rough surface with zero mean and rms height h, the spectral
density W(kx) is equal to
W (k x ) =

Let ∆k x =

k 2l 2
h 2l
exp( − x )
4
2 π

2π
, then the sampled Fourier transform variable becomes
L
2π n
kn =
= n∆ k x
L

The spectral density with respect to kn is obtained as
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(A-7)

(A-8)

W (kn ) =

h 2l − ( πLn l )2
e
2 π

(A-9)

Using the spectral method, the height profile of a random rough surface with finite length
L at the sampling points ( xm = m∆x = m

f ( xm ) = f m =

L
) is obtained by Fourier Transform
N

1 N /2
2π nm
bn exp( j
)
∑
L n =− N /2+1
N

(A-10)

The coefficients bn in (A-10) are Gaussian random variables and can be obtained based
on the spectral density W(kn), [68], and N Gaussian distributed random numbers with zero
mean and unit variance, labeled as r1, r2, …, rN,

 2π LW (0)rα ,


πN
)rβ ,
 2π LW (
L

bn = 
1
(rσ + irζ )],
 2π LW ( kn )[
2


1
(rσ + irζ )]}* ,
{ 2π LW ( k− n )[
2


n = 0;
N
;
2
N
n = − + 1,......, −2, −1;
2
N
n = 1, 2,......, − 1;
2

n=

(A-11)

in which α, β, @are four distinct indices of 1, 2, …, N. In equation (A-11) α and β
assume one of the values of 1, 2, …, N, and rα, rβ use up two of the random numbers r1,
r2, …, rN. And 
@ @are distinct indices of 1, 2, …, N, and r and r use up the remaining
N-2 of the N random numbers.
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